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ABSTRACT. Wronskian determinants are used to construct exact solution to
integrable equations. The crucial steps are to apply Hirota’s bilinear forms and
explore linear conditions to guarantee the Pliicker relations. Upon solving the
linear conditions, the resulting Wronskian formulations bring solution formulas,
which can yield solitons, negatons, positions and complexitons. The solution
process is illustrated by the Korteweg-de Vries equation and applied to the
Boussinesq equation.

1. Introduction. There are different solution techniques for integrable equations:
the inverse scattering transform, the Hamiltonian-Jacobi method, Hirota’s bilinear
method, Backlund and Darboux transformations, symmetry and Lie group method,
etc. The resulting solutions contain determinant type solutions: Wronskian, Caso-
ratian, Grammian and Pfaffian solutions.

The so-called Wronskian technique is a tool for constructing Wronskian solutions
to integrable equations [1]-[5]. With Wronskian formulations, soliton solutions and
rational solutions are often expressed as some kind of rational functions of Wron-
skian determinants, and the involved determinants are made of eigenfunctions sat-
isfying both uncoupled and coupled linear systems of differential equations.

One of the clear advantages of the Wronskian technique is that it can yield
different kinds of exact solutions to integrable equations [4]. Let us first check the
case of linear ordinary differential equations (ODEs) with constant-coefficients to
see what kinds of solutions such ODEs can have. Take the following differential
equation:

d3x d*x dx B B
GQW + alﬁ + aga + asx =0, a; = const.,
as an example. Its characteristic equation agA?® + a1A? + asA + az = 0 has the
following four cases of solutions:

e Three real roots: A1, Ao and As.

e One real root and one double real root: A\; # Ay = As.

e One triple real root: A1 = Ay = 3.

e One real root and two conjugate complex roots: A1 and Ao 3 = a=£Gi (8 # 0).
It then follows that the considered differential equation has and only has the fol-
lowing elementary function solutions:

c1 Mt o et 4 eg et g eM 4 e M2t gt €2
c1 et 4 et eMt 4 cgt? eMt) g Mt 4 e (co cos Bt + c3 sin ft),
where ¢1, ¢ and c3 are arbitrary real constants. These solutions involve two kinds of

transcendental functions: exponential functions and trigonometric functions. The
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first three classes of solutions correspond to negatons including solitons. The last
class of solutions with @ = 0 and ¢; = 0 and the last class of solutions with « # 0
correspond to positons and complexitons to integrable equations, respectively.

Now, it is natural to ask whether one can present those kinds of exact solutions
to integrable equations. In this report, we would like to show that besides soliton
solutions and rational solutions, the Wronskian technique can be used to construct
positon solutions [3][6]-[8] — solutions involving one kind of transcendental waves:
trigonometric waves, and complexitons solutions [9]-[11] — solutions involving two
kinds of transcendental waves: exponential waves and trigonometric waves.

Complexitons are a novel kind of exact solutions to integrable equations, intro-
duced recently and generated by analytical methods such as the Wronskian and Ca-
soratian techniques [9, 10, 12] and the Darboux transformation technique [11, 13].
They correspond to complex eigenvalues of associated characteristic linear prob-
lems and yield solitons, negatons and positons as some limit cases of the complex
eigenvalues [4, 14].

This report is organized as follows. In Section 2, the Wronskian technique is
briefly illustrated through the Korteweg-de Vries equation. In Sections 3-5, a Wron-
skian formulation is established for the Boussinesq equation, the representative sys-
tems of the linear conditions are solved, and examples of Wronskian solutions are
presented, along with an idea to generate Wronskian solutions of high order. Con-
cluding remarks are given finally in Section 6.

2. The Wronskian technique. We adopt the compact notation introduced by
Freeman and Nimmo [2, 15]:

(bgO) (bgl) L ¢§N71)
- R I R ST
¢§3) ¢§\P . ¢§\J[V—1)
where
T 0 G _ 9 :
¢:(¢17"'7¢N) 7¢i :(bia ¢'L’J :@¢17]2171§1§N (2)
Taking advantage of the transformation u = —2(Inf),., the Korteweg-de Vries

(KdV) equation u; — 6utty + Uzqzr = 0 becomes [16]

where D, and D; are Hirota derivatives [17]. Hirota’s bilinear equations play an
extremely important role in the field of integrable equations. Solutions determined
by u = —2(In f);, with f = (]V-—\l) to the KdV equation are called Wronskian
solutions.

Wronskian solutions require

— Qigr = Ni®is Pit = —4Piqgza, 1 <P < N (4)
Three types of eigenfunctions are given by
¢i = crir + 21, Ai =0,
¢i = cricosh(nx — AnPt) + cosinh(niz — 4n3t), ;i = V=i, \i <0,
¢i = ey sin(nz + 4n3t) + cai cos(mix + 4ndt), ni = Vi, A > 0.
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Soliton solutions v = —2(In f),, are associated with

¢; = cosh(n;x — 4nPt +v;), v = const., i odd,
¢i = sinh(n;z — 4>t +~;), v = const., i even.

In particular, the 1-soliton and 2-soliton read
—23

- cosh? (. — 43t 4+ 1)’
4(n? = m3)[(m3 — n7) + 03 cosh(26) 4 n3 cosh(26,)]

[(n2 —m1) cosh(6y + 02) + (92 + m1) cosh(0y — 02)]?]

where 0; = n;x — 403t +v;, v; = const., i =1,2.
The generalized Wronskian technique [3, 6] uses derivatives of eigenfunctions
with respect to parameters to generate Wronskian solutions:

W(¢07 (blv te a¢n) = W(¢(n)a 877¢(77)a t aazyl (n))a (5)

starting from

= (¢(M)zz = F(M)Pi(n), (6(0) = =4(¢(N))zze, (6)

where 7 is a constant and f is an arbitrary function. The resulting Wronskian
solutions are a special class of Wronskian solutions associated with the following
sufficient conditions:

- ¢i,zz = Z Aij(ij ¢i,t - _4¢i,zzz; 1 < 1 < Nv (7)

j=1

where the coeflicient matrix A = ();;) is an arbitrary real constant matrix [4, 6].

It is easy to see that two similar coefficient matrices produce the same Wronskian
solution, and thus, we only need to consider two types of Jordan blocks of the
coefficient matrix A:

Y 0
1 N\
Type 1: . . ,
L O 1 N\ o
[ A; 0
I A a;  —fi
Type 2: , Ag = )
P Bi
L O I A

lini

where \;, a; and (3; > 0 are real constants. The associated Wronskian solutions can
be classified as [4, 18]:

Rational solutions: Jordan block of Type 1 with A\; = 0.

Negaton solutions: Jordan block of Type 1 with \; < 0.

Positon solutions: Jordan block of Type 1 with A; > 0.

Complexiton solutions: Jordan block of Type 2, which corresponds to complex
eigenvalues.

In addition to rational solutions [19, 20], negatons and positons [21] including
harmonic breathers [22], the KdV equation has complexiton solutions [4], which are
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associated with

[ bi1,zz ] [ bin ] [ Gi1t ] [ bi1 zza ]
- 'y , — 4 ,
Gi2,zz bi2 Giz.t Gi2,zza
where «; and 3; are real constants and A; are defined as before. The n-complexiton
of order (l1,---,l,) is given by
u=—202InW(h11, b1z, , O d11, 08 b12i++ 5 b1, b2, - O b1, O dn2)
associated with Jordan blocks of type 2. The n-complexiton is the special solution
u=—20.InW(d11, 12, , Pn1, Pn2)-
The 1-complexiton reads [9]:
u=—202InW (11, $12)
=431+ cos(201(x — Bit) + 2k1) cosh(2A (& + ant) + 2m1)]
[Aqsin(261(z — Bit) + 2k1) + 61 sinh(2A; (@ + ant) + 271)]2
4oy By sin(201 (x — Bit) + 2k1) sinh(2A1 (z 4+ ayt) + 2v1)
[Aq1sin(261(z — Bit) + 2k1) + 61 sinh(2A1 (@ + aqt) + 271)] 2

where oy, #1 > 0, k1 and v, are arbitrary real constants, and Ay, 61, @1, and

are
[T 2 B
Aq, 61 = m, a1, 1 =4/ oF + BT + 8an.

2

To sum up, the whole solution process by the Wronskian technique consists of (a)
transforming integrable equations into Hirota’s bilinear equations, (b) determining
linear conditions to guarantee Wronskian determinants to solve given integrable
equations, and (c) solving the resulting linear conditions to present and classify
Wronskian solutions.

(8)

3. The Boussinesq equation. Let us consider the Boussinesq equation [23]-[25]:

Ut + (uz)xx + Uzzar = 07 (9)
and call it the Boussinesq equation I. Obviously, a general Boussinesq equation
Vit + A1V + a2(v2)zz + azVzpre = 07 (10)

where a;, 1 <4 < 3, are real numbers and asas # 0, is equivalent to the Boussinesq
equation I in (9), under the transformation v(z,?) = —g- + 22u(z, /azt) in the
case of az > 0. Similarly, in the case of a3 < 0, a general Boussinesq equation (10)

is equivalent to

Ut + (uz)xx — Ugxaax = 07 (11)
under the transformation v(z,t) = —gt- — Zu(z,/—ast). We call the equation

(11) the Boussinesq equation II.
If we take the transformation u = 6(Inf),,, then the Boussinesq equation I in
(9) becomes a bilinear differential equation

(Dt2 + D;l)f ’ f - 2(fftt - ft2 + ffzzzz - 4fzfzzz + 3fm2m) =0, (12)
where D, and D, are Hirota derivatives [17]. Similarly, under the transformation
u = —6(Inf)ys, the Boussinesq equation II in (11) becomes [15, 26]

As in the KdV case [4], a similar analysis can yield the following consequence on

—

Wronskian solutions described by u = 6(In f),, with f = (N — 1).
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Theorem 3.1. Let ¢ = +1. If a group of functions ¢; = ¢;(x,t), 1 < i < N,
satisfies the following linear conditions

N
(bi,xmx = Z)\’LJ (t)¢ja ¢i,t - 5\/§ ¢i,zzv 1 < 1 < Na (14)

J=1

where the A\i;’s are arbitrary real functions of t, then f = (N/—\l) defined by (1)
solves the bilinear Boussinesq equation I (12).

Theorem 3.1 tells us that if a group of functions ¢;(z,t), 1 < i < N, satisfies
the linear conditions in (14), then we can get a solution f = (N/—\l) to the bilinear
Boussinesq equation I (12). This Wronskian formulation is different from the Wron-
skian formulation in [12], and one difference is that it can lead to rational solutions
of (9) but the formulation in [12] can not. Before we proceed to solve (14), let us
observe how the above Wronskian formulation generates solutions more carefully.
Observation I. From the compatibility conditions ¢; yuat = Gitaws, 1 <@ < N, of
the conditions (14), we have the equalities

N
Z)\ij,t(bj:o, 1 <7 <N, (15)
j=1

and thus we see that the Wronskian determinant W(¢1, ¢, -+, ¢n) becomes zero,

if the coefficient matrix A = (\;;) is dependent on ¢, i.e., A, # 0.
Observation II. If the coefficient matrix A is similar to another matrix M under
an invertible constant matrix P, i.e., we have A = P"'M P, then ® = P® solves
Bppw = MP, &, = \V/3D,,, ¢ = +1,
and the resulting Wronskian solutions to the Boussinesq equation (9) are the same:
u(A) =602 |, dM) ... V=1
=602In|P®©, P ... PN -D| = y(M).
Based on Observation I, we only need to consider the reduced case of (14) under
dA/dt =0, i.e., the following conditions:

N
Gizar = P Nijbj, Gt =eV3iaa, 1 <i <N, (16)
j=1
where ¢ = +1 and the )\;;’s are arbitrary real constants. Moreover, Observation
IT tells us that an invertible constant linear transformation on ® in the Wronskian
determinant does not change the corresponding Wronskian solution, and thus, we
only have to solve (14) under the Jordan form of A.

4. Solving the representative systems. Note that the Jordan form of a real
matrix A has two types of blocks. Therefore, in order to construct Wronskian
solutions, we need to solve the following two representative systems:

Guoz = Ad+ h, ¢y = £V3 By, (17)

and
D1 aex = QP1 — Bdo 4+ hi, 02 200 = Bo1 + o + ho, (18)
b1t = V3100, b2 = V302,00, (19)

where A, o and 8 > 0 are real constants, and h = h(x,t), hy = hy(z,t) and
he = ha(x,t) are three given functions satisfying the compatibility condition g; =
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+/3 gz The first system corresponds to real eigenvalues of the coefficient matrix
A, while the second system corresponds to complex eigenvalues of the coefficient
matrix A. In what follows, we will consider both homogenous and non-homogenous
equations in all cases of real and complex eigenvalues.

4.1. The case of real eigenvalues. First, let us consider the first representative
system (17). In terms of the eigenvalue A\, we will establish solution formulae for
two situations of the representative system (17).

4.1.1. The sub-case of X = 0: Obviously, the first differential equation of (17) has
a general solution

(]5 = C1 (t)a:2 —+ 02 117 —+ 03 / / / C t dc d’l] dé' (20)
This makes it possible to break down the second differential equation of (17) into

3
c1 = i% ha(0,1), e = £V3h(0,1), 3 = £2v3cr.

Integrating these equations with respect to ¢ yields the solution formula of (17):

(bz0110$2+620I+030:|:2\/§Clot:|:—I/ Ot dt

i\/§x/ (0, dt+3// 2(0,1") dt”dt+/// (¢, t)d¢ dnde, (21)

where c1 9, c2,0 and c3,0 are arbitrary real constants.

4.1.2. The sub-case of A # 0: Now, the characteristic equation u® = X of the first
differential equation of (17) has one real root and two conjugate complex roots:

1 3
1 = —2a, o =a+bl, us =a — bl, a=—§\3/X, b:%fﬁ, I=+v-1. (22)

Therefore, the homogeneous equation ¢, = A¢ has three fundamental solutions
e 297 % gin(bx) and e cos(bx), and further, an application of variation of param-
eters leads to the general solution of the non-homogeneous equation ¢ ., = Ap+ h:

¢ = c1(t)e™ 2" 4 co(t)e™ cos b + c3(t)e sin bx
T / {e720=8) — OB sinb(z — €) + cosb(w — )]} h(&, 1) dE. (23)

Owing to hy = £v/3 hys, the second differential equation ¢; = £v/3 ¢, of (17)
equivalently requires

e F4V3a2e + 4—\{;32) [—h(0,t) + 2ah(0,t)] = 0, (24)

Co¢ + \/_ [(a — b2)02 + 2abC3] + 4—\{5 [hm(O, t) + (a + \/§b)h(0, t)] =0, (25)

73

s T V3[(a® = b%)es — 2abey) £ e [V3h.(0,t) + (vV3a — b)h(0,t)] = 0. (26)

Thus, the solution formula for ¢; is given by

3 [ ,
ci(t) = VB oo 5 4—\2;/ VB _p (0,¢) + 2ah(0,¢)] dt' ), (27)
0
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where ¢, is an arbitrary real constant. The solution of (25) and (26) is given by

lcsl lcs,o " /0 [ 5) 7 )

where ¢y ¢ and c3, are arbitrary real constants, the matrix A is defined by

b2 —a? —2ab
A=7FV3 , 29
2ab b? — a? ] (29)
and go and g3 are defined by
w6 ] va[ he(0.8)+ (a+ V3D, 1)
=F— . (30)
g3(8) V3he(0,t) + (vV3a — b)h(0,t)
Evidently, the coefficient matrix A has a pair of conjugate eigenvalues
a+bl, a— bl where @ =Tv3 (0> —a?), b=TF2V3ab. (31)
It now follows that ~ -
_ | cosbt —sinbt
eAt — eat ~ R , (32)
sinbt  cosbt

by which the general solution to the system of (25) and (26) can be given explicitly.

4.2. The case of complex eigenvalues. Let us now consider the second repre-
sentative system defined by (18) and (19). If we set

¢ =1+ ¢2l, h=hy+hol, A=oa+pl,
the system is transformed into a complex form of (17):
Grza = Ad+h, ¢ = V3 da. (33)

The characteristic equation u3 = X of the associated ordinary differential equa-
tion has three distinct complex roots

PR ST SR S g S 1)

So, the solution formula for the first differential equation of (33) is determined by

1
_ e [ox H3T
¢ = v (t)e! " + vo(t)e!? 4+ vs(t)e! 4+ PSS Y P Y — X

/ [ — p2)e™ =) — (g — )& =) 4 (g — iy )e "= h(a t)da’. (35)
0

Now, because of hy = +v/3 hps, the second differential equation of (33) engenders

¢
_ EVBuSt + \/g / FV3uit’ AN
vy =e v e t)dt i, 36
' {10 (13 — pa)(p2 — 1) )t} (36)
¢
:i:f,uzt \/g / FV3ust’ / /
v Voo F e tdt ¢, 37
2T frzo (3 = p2)(p2 — pa) Jo xalt)dr'} 7
U3 = ei‘/g“gt{ N V3 /t ex‘/g“gt/x;g(t') dt' } (38)
T (s — ) (s — p2) Jo ’

where x;(t') = h;(0,t") + pu;h(0,¢"), 1 < i <3, and 14,9, v2,0 and vz are arbitrary
complex constants.

Therefore, the general solution of the second representative system of (18) and
(19) is given by (35) with (36)-(38). The real solution to the system of (18) and (19)
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is obtained by taking the real and imaginary parts of the above general complex
solution.

5. Comnstructing Wronskian solutions. Sections 3 and 4 provide a general pro-
cedure for constructing Wronskian solutions associated with two types of Jordan
blocks of the coefficient matrix A. In what follows, we will present two specific
examples of Wronskian solutions and an idea to construct Wronskian solutions of
higher order. We will only consider the case of e = —1. The case of € = 1 is just an
action of replacing ¢ with —¢ in the obtained solutions.

Let us first consider the coefficient matrix:

0 0 0
A=1]11 0 0 , k — real const., (39)
0 0 —8k*

which possesses only real eigenvalues: 0,0 and —8k>, and choose the following
eigenfunctions of the corresponding linear conditions:

o1 =1, ¢po = %ZC3 —V3at, b3 = c1 7% 4 ¢pef cosn + ez e sin, (40)
where ¢ = k(x4 2v3kt), n = V3 k(z — 23 kt), and ¢1, co and c3 are arbitrary real
constants. Then, the associated Wronskian solution to (12) reads

f=W(d1, b2, ¢3) = 2ker (ka® — 2V3 kt + z)e*
—k(cgka? — V3eska? — 23 eokt + 6eskt + cox + \/50317)65 cosn
—k(\/§ coka?® + cskx® — 6eokt — 2v/3 eskt — V3 cox + 03:10)65 sin 7. (41)

Let us second consider the coefficient matrix:

0 0 0
A=|0 0 Kk |,k real const., (42)
0 —k% 0

which possesses both real and complex eigenvalues: 0 and 43I, and choose the
following eigenfunctions of the corresponding linear conditions:

b1 =2, ¢y =c1eV3 cos(ka) + cy e 2" cos[3k(x + 3kt)],

) ) (43)
b3 = ¢ eV3F  sin(kx) — cp e 27 sin[1k(z + 3kt)),

where 7 = /3 k(z + kt), and ¢; and ¢y are arbitrary real constants. Then, the

associated Wronskian solution to (12) reads

1
f=W(¢1, b2,3) = 92 K [2/€CL'012 62\/§k2t — (k.%'022 + \/§022) e "

| %

1) + 3cico s sin(ﬁ n) — V3eicget COS(? 77)] ) (44)

—2kxciey b cos( 5

where £ = @ k(kt — x).

To construct Wronskian solutions associated with Jordan blocks of higher-order,
we use the basic idea developed for the KdV equation [6]. Let ¢;()\;) satisfy

(6i(ANi))aws = Xidi(Ni), (6i(Mi))e = —V3¢;(N\i), Ai — real const.
Differentiating ¢;(\;) with respect to A; leads to the vector function
1

B = ,(0) = (60, Fpon A AT ()
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which satisfies

Ai 0
1 N

(I)i,;uuﬂ = . . (I)iu (I)i,t = _\/gq)i,mma
0 1 N\

kiXkZi
where 0y, denotes the derivative with respect to A; and k; is an arbitrary natural
number. This set of eigenfunctions produces a generalized Wronskian solution to
the Boussinesq equation I (9):
1
u =60 InW(ei(\), 35,\1@()\1‘)7 R

ﬁ@f:’l@o\i))' (46)

The case of complex eigenvalues can be similarly dealt with.

6. Concluding remarks. We have shed light on the existence of Wronskian so-
lutions to integrable equations. Rational solutions, negatons, positons and com-
plexitons to the Boussinesq equation I are special Wronskian solutions and their
interaction solutions can be obtained within the established Wronskian formulation
(see [4] for the case of the KAV equation and [10] for the case of the Toda lattice
equation). There also exist algebro-geometric solutions to the Boussinesq equation I
(9) on the circle [27]. Blow-up phenomena of solutions of (9) were shown in the case
of special initial conditions [28]. If the time variable t is replaced with /—1¢, real
Wronskian solutions to the bilinear Boussinesq equation I (12) becomes complex
Wronskian solutions to the bilinear Boussinesq equation IT (13). All these results
show the richness of the infinite-dimensional solution space of the Boussinesq equa-
tion. Our theory on Wronskian solutions is expected to help understand complete
integrability of nonlinear differential equations.

Acknowledgments. The work was supported in part by the Established Re-
searcher Grant and the CAS faculty development grant of the University of South
Florida, Chunhui Plan of the Ministry of Education of China and Wang Kuancheng
Foundation. The author would also like to thank T. Aktosun, J. S. He, A. Hone, L.
Gao, F. Mueller-Hoissen, C. X. Li, J. J. C. Nimmo, A. Parker, T. C. Xia, Y. Zhang,
D. J. Zhang and R. G. Zhou for stimulating discussions.

REFERENCES

(1] J. Satsuma, A Wronskian representation of N-soliton solutions of nonlinear evolution equa-
tions, J. Phys. Soc. Jpn., 46 (1979), 359-360.

2] N. C. Freeman and J. J. C. Nimmo, Soliton solutions of the Korteweg-de Vries and
Kadomtsev-Petviashvili equations: the Wronskian technique, Phys. Lett. A, 95 (1983), 1-
3.

(3] V. B. Matveev, Generalized Wronskian formula for solutions of the KdV equations: first ap-
plications, Phys. Lett. A, 166 (1992), 205-208; Positon-positon and soliton-positon collisions:
KdV case, 166 (1992), 209-212. MR 1170966.

[4] W.X. Maand Y. You, Solving the Korteweg-de Vries equation by its bilinear form: Wronskian
solutions, Trans. Amer. Math. Soc., 357 (2005), 1753-1778.

[5] D.Y. Chen, D. J. Zhang and J. B. Bi, New double Wronskian solutions of the AKNS equation,
Science in China Series A: Mathematics, 51 (2008), 55-69.

6] W.X. Ma, Wronskians, generalized Wronskians and solutions to the Korteweg-de Vries equa-
tion, Chaos, Solitons & Fractals, 19 (2004), 163-170.

[7] M. Kovalyov, Modulating properties of harmonic breather solutions of KdV, J. Phys. A: Math.
Gen., 31 (1998), 5117-5128.

[8] K. Maruno, W. X. Ma and M. Oikawa, Generalized Casorati determinant and positon-
negaton-type solutions of the Toda lattice equation, J. Phys. Soc. Jpn., 73 (2004), 831-837.


http://www.ams.org/mathscinet-getitem?mr=MR0700477&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1170967&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2115075&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2390755&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2027075&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1631440&return=pdf

THE WRONSKIAN TECHNIQUE 515

9] W. X. Ma, Complexiton solutions to the Korteweg-de Vries equation, Phys. Lett. A, 301
(2002), 35-44.

[10] W. X. Ma and K. Maruno, Complezxiton solutions of the Toda lattice equation, Physica A,
343 (2004), 219-237.

[11] W. X. Ma, Complexiton solutions of the Korteweg-de Vries equation with self-consistent
sources, Chaos, Solitons & Fractals, 26 (2005), 1453-1458.

[12] C. X. Li, W. X. Ma, X. J. Liu and Y. B. Zeng, Wronskian solutions of the Boussinesq
equation—solitons, negatons, positons and complezitons, Inverse Problems, 23 (2007), 279—
296.

[13] H. C. Hu, B. Tong and Y. S. Lou, Nonsingular positon and complexiton solutions for the
coupled KdV system, Phys. Lett. A, 351 (2006), 403-412.

[14] W. X. Ma, Compleziton solutions to integrable equations, Nonlinear Anal., 63 (2005), €2461—
e2471.

[15] J. J. C. Nimmo and N. C. Freeman, A method of obtaining the N-soliton solution of the
Boussinesq equation in terms of a Wronskian, Phys. Lett. A, 95 (1983), 4-6.

[16] R. Hirota, Ezact solution of the Korteweg-de Vries equation for multiple collisions of solitons,
Phys. Rev. Lett., 27 (1971), 1192-1194.

[17] R. Hirota, Direct method in soliton theory, in “Solitons” (eds. R. K. Bullough and P. J.
Caudrey), Springer, New York, (1980), 157-176.

[18] D. J. Zhang, Notes on solutions in Wronskian form to soliton equations, arXiv:0603008
[nlin.ST].

[19] H. Airlault, H. P. McKean and J. Moser, Rational and elliptic solutions of the Korteweg-de
Vries equation and related many-body problem, Comm. Pure Appl. Math., 30 (1977), 95-148.

[20] S. Sirianunpiboon, S. D. Howard and S. K. Roy, A note on the Wronskian form of solutions
of the KdV equation, Phys. Lett. A, 134 (1988), 31-33.

[21] C. Rasinariu, U. Sukhatme and A. Khare, Negaton and positon solutions of the KdV and
mKdV hierarchy, J. Phys. A: Math. Gen., 29 (1996), 1803-1823.

[22] M. Kovalyov, On a class of solutions of KdV, J. Differential Equations, 213 (2005), 1-80.

[23] J. Boussinesq, Théorie de lintumescence appelée onde solitaire ou de translation se propageant
dans un canal rectangulaire, C.R. Acad. Sc. Paris, 72 (1871), 755-759.

[24] J. Boussinesq, Théorie des ondes et des remous qui se propagent le long dun canal rectangu-
laire horizontal, en communiquant au liquide contenu dans ce canal des vitesses sensiblemant
parielles de la surface au fond, J. Math. Pures Appl., 17 (1872), 55-108.

[25] G. B. Whitham, “Linear and Nonlinear Waves,” John Wiley & Sons, Inc., New York, 1999.

[26] R. Hirota, Ezact N-soliton solutions of the wave equation of long waves in shallow-water and
in nonlinear lattices, J. Math. Phys., 14 (1973), 810-814.

[27] H. P. McKean, Boussinesq’s equation on the circle, Comm. Pure Appl. Math., 34 (1981),
599-691.

[28] V. K. Kalantarov and O. A. Ladyzhenskaya, The occurence of collapse for quasilinear equa-
tions of parabolic and hyperbilic types, J. Sov. Math., 10 (1978), 53-70.

Received July 2008; revised March 2009.

E-mail address: mawx@cas.usf.edu


http://www.ams.org/mathscinet-getitem?mr=MR1927047&return=pdf
http://www.ams.org/mathscinet-getitem?mr= MR 2094411&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2149328&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2302974&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2202213&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0700478&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0625877&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0649926&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0972621&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1395807&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2139338&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1699025&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0338588&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0622617&return=pdf

	1. Introduction
	2. The Wronskian technique
	3. The Boussinesq equation
	4. Solving the representative systems
	4.1. The case of real eigenvalues
	4.2. The case of complex eigenvalues

	5. Constructing Wronskian solutions
	6. Concluding remarks
	Acknowledgments
	REFERENCES

