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ABSTRACT. Four different ways of obtaining low-density parity-check codes
from expander graphs are considered. For each case, lower bounds on the
minimum stopping set size and the minimum pseudocodeword weight of ex-
pander (LDPC) codes are derived. These bounds are compared with the known
eigenvalue-based lower bounds on the minimum distance of expander codes.
Furthermore, Tanner’s parity-oriented eigenvalue lower bound on the minimum
distance is generalized to yield a new lower bound on the minimum pseudocode-
word weight. These bounds are useful in predicting the performance of LDPC
codes under graph-based iterative decoding and linear programming decoding.

1. INTRODUCTION

Expander graphs are of fundamental interest in mathematics and engineering and
have several applications in computer science, complexity theory, derandomization,
designing communication networks, and coding theory [I, 2]. A family of highly
expanding graphs known as Ramanujan graphs [3, 4] was constructed with excel-
lent graph properties that surpassed the parameters predicted for random graphs.
The description of these graphs and their analysis rely on deep results from math-
ematics using tools from graph theory, number theory, and representation theory
of groups [5]. Other authors have investigated non-algebraic approaches to de-
signing expander graphs and one such construction takes an appropriately defined
product of small component expander graphs to construct a larger expander graph
[0, |6l [7]. Moreover, expander graphs have a special appeal from a geometric view-
point. Isoperimetric problems in geometry have also been described by analogous
problems in graphs, and a close connection exists between the Cheeger constant,
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defined for Riemannian surfaces, and the expansion constant in graphs. Expander
graphs can be viewed as discrete analogues of Riemannian manifolds.

In this paper, we focus on one prominent application of expander graphs —
namely, the design of low-density parity-check (LDPC) codes. Low-density parity-
check codes are a class of codes that can be represented on sparse graphs and have
been shown to achieve record breaking performances with graph-based message-
passing decoders. Graphs with good expansion properties are particularly suited
for the decoder in dispersing messages to all nodes in the graph as quickly as possi-
ble. Expander codes are families of graph-based codes where the underlying graphs
are expanders. That is, every element of the family is an expander and gives rise
to an expander code. The codes are obtained by imposing code-constraints on the
vertices (and possibly, edges) of the underlying expander graphs [8, @, [[0]. It has
been observed that graphs with good expansion lead to LDPC codes with minimum
distancd] growing linearly with the block length. In fact, one method of designing
asymptotically good linear block codes is from expander graphs [§].

The popularity of LDPC codes is that they can be decoded with linear time com-
plexity using graph-based message-passing decoders, thereby allowing for the use of
large block length codes in several practical applications. In contrast, maximum-
likelihood (ML) decoding a generic error-correcting code is known to be NP hard.
A parameter that dominates the performance of a graph-based message passing
decoder is the minimum pseudocodeword weight, in contrast to the minimum dis-
tance for an optimal (or, ML) decoder. The minimum pseudocodeword weight
of the graph has been found to be a reasonable predictor of the performance of
a finite-length LDPC code under graph-based message-passing decoding and also
linear programming decoding [TTl, 2, 3} T4, [T5]. In this paper, we consider four
different ways of obtaining LDPC codes from expander graphs. For each case, we
first present the known lower bounds on the minimum distance of expander codes
based on the expansion properties of the underlying expander graph. We then ex-
tend the results to lower bound the minimum stopping set size, which is essentially
the minimum pseudocodeword weight on the binary erasure channel (BEC), and
finally, we lower bound the minimum pseudocodeword weight on the binary sym-
metric channel (BSC). We also examine a new parity-oriented lower bound on the
minimum pseudocodeword weight over the additive white Gaussian noise (AWGN)
channel, thereby generalizing the result of Tanner [T6] for the minimum distance.

2. PRELIMINARIES

We introduce some preliminary definitions and notation that we will use in this
paper.
Definition 1. A graph G = (X, Y E) is (¢, d)-regular bipartite if the set of vertices
in G can be partitioned into two disjoint sets X and Y such that all vertices in
X have degree ¢ and all vertices in Y have degree d and each edge e € E of G is
incident with one vertex in X and one vertex in Y, i.e., e = (z,y),z € X,y € Y.

We will refer to the vertices of degree ¢ as the left vertices, and to vertices of
degree d as the right vertices.

The adjacency matrix of a d-regular connected graph has d as its largest eigen-
value. Informally, a graph is a good expander if the gap between the first and the

1The minimum distance of a code is a fundamental parameter that determines its error-
correction capability.
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FIGURE 1. A stopping set S = {vg,v1,v3,v5} in G.

second largest eigenvalues of the adjacency matrix is as big as possible. More precise
definitions will be given later in the paper as needed. Note that for a (¢, d)-regular
bipartite graph, the largest eigenvalue is v cd.

Definition 2. A simple LDPC code is defined by a bipartite graph G (also called,
a Tanner graph) whose left vertices are called variable (or, codebit) nodes and whose
right vertices are called check (or, constraint) nodes and the set of codewords are all
binary assignments to the variable nodes such that at each check node, the modulo-
two sum of the variable node assignments connected to the check node is zero, i.e.,
the parity-check constraint involving the neighboring variable nodes is satisfied.

Note that equivalently, the LDPC code can be described by a (binary) incidence
matrix (or, parity-check matrix) wherein the rows of the matrix correspond to the
constraint nodes of G and the columns correspond to variable nodes and there is
a one in the matrix at a row-column entry whenever there is an edge between the
corresponding constraint node and variable node in G.

The above definition can be generalized by introducing more complex constraints
instead of simple parity-check constraints at each constraint node, and the resulting
LDPC code will be called a generalized LDPC code.

To analyze the performance of graph-based message passing decoding, certain
combinatorial objects of the LDPC constraint graph have been identified that con-
trol the performance of the decoder. When transmitting over a binary erasure
channel (BEC), it has been shown that stopping sets in the Tanner graph control
the performance of the message-passing decoder.

Definition 3. [I7] For a simple LDPC code, a stopping set is a subset set S of
the variable nodes such that every constraint node that is a neighbor of some node
s € S is connected to S at least twice.

The size of a stopping set S is equal to the number of elements in S. A stopping
set is said to be minimal if there is no smaller sized stopping set contained within
it. The smallest minimal stopping set is called a minimum stopping set, and its size
is denoted by smin. Note that a minimum stopping set is not necessarily unique.
Figure[lshows a stopping set in the graph. Observe that {v4, vz, vs} and {vs, vs, v}
are two minimum stopping sets of size $yin = 3, whereas {vg, v1,v3,v5} is a minimal
stopping set of size 4.

On the BEC, if all of the nodes of a stopping set are erased, then the graph-based
iterative decoder will not be able to recover the erased symbols associated with the
nodes of the stopping set [I7]. Therefore, it is advantageous to design LDPC codes
with large minimum stopping set size Smin-
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For other channels, it has been recently observed that so called pseudocodewords
dominate the performance of the iterative decoder [T, [2]. (In fact, pseudocode-
words are a generalization of stopping sets for other channels.) We will now intro-
duce the formal definition of lift-realizable pseudocodewords of an LDPC constraint
graph G [12]. However, we will also need to introduce the definition of a graph lift.
A degree ¢ cover (or, lift) G of G is defined in the following manner:

Definition 4. A finite degree ¢ cover of G = (V,W; E) is a bipartite graph G where
for each vertex x; € VU W, there is a cloud X; = {Z;,, Zi,, ..., T, } of vertices in

G, with deg(#;;) = deg(x;) for all 1 < j </, and for every (z;,x;) € E, there are ¢
edges from X, to Xj in G connected in a 1 — 1 manner.

Figure @l shows a base graph G and a degree four cover of G.

Definition 5. Suppose that & = (¢1,1,¢1,2,--.,¢1,0,¢2,1,---,C20,-..) is a codeword
in the Tanner graph G representing a degree £ cover of G. A pseudocodeword p of
G is a vector (p1,p2,.-.,pn) obtained by reducing a codeword €, of the code in the

cover graph G, in the following way:

C11+C1 2+ +C1 ¢ C21+Ca 2+ +Cap )
, 7 yeee

é:(6171,...76112,6271,...76212,...)—>( 7
(p1,p2,- -+, Pn)=P,
where P = Ci,1+ci,2€+”'+ci,£'

The vector ¢ on the left hand side of Figure B corresponds to a codeword in the
degree four cover that is also a codeword in the base graph G, whereas the vector
on the right hand side corresponds to a codeword in the degree four cover that does
not correspond to a codeword in the base graph.

From the above definition, it is easy to show that for a simple LDPC constraint
graph G, a pseudocodeword p = (p1, pa, - .., Pn) is a vector that satisfies the follow-
ing set of inequalities:

(1) 0<p; <1, fori=1,2,...,n.
and, if variable nodes i1, i9, ..., iq participate in a check node of degree d, then
the pseudocodeword components satisfy
(2) Di; < Z Diy, for j=1,2,...d.
k=1,2,..d,k#j

Extending the above for generalized LDPC codes, it can similarly be shown that
on a generalized LDPC constraint graph G, a pseudocodeword p = (p1,p2,. - .,Dn)
is a vector that satisfies the following set of inequalities:

(3) 0<p; <1, fori=1,2,...,n.

and, if variable nodes i1, i3, ..., ig participate in a constraint node of degree d
and that constraint node represents a subcode [d, rd, ed], then the pseudocodeword
components satisfy

(4) (de —1)p;; < Z Diy, for j=1,2,...d.
k=1,2,..d,k#]

Remark 1. Note that Equation Hl implies that the pseudocodeword components of
the generalized LDPC constraint graph G also satisfy the following set of inequalities
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G G
(base graph) (adegree 4 cover)
FN
©=(1111,1,111,00,0,0) ©=(1,1,0,0,1,0,0,0,0,1,0,0)
p=(110) p= (U2, 14,14

FIGURE 2. A pseudocodeword in the base graph (or a valid code-
word in a lift).

at a degree d constraint node representing a [d, rd, ed] subcode

(5) Z Di; < Z Dip., and

any 4 j’s remaining terms
(6) 3( > pij) < > Diy
any |4 |;’s remaining terms

The set of lift-realizable pseudocodewords can also be described elegantly by
means of a polytope, called the fundamental polytope [I1]. In particular, lift-
realizable pseudocodewords are dense in the fundamental polytope. For simple
LDPC codes, equations (1) and (2) are necessary and sufficient conditions for a
pseudocodeword to lie in the fundamental polytope. However, for generalized LDPC
codes, equations @), @), @), and (@) are necessary but, in general, not sufficient
conditions for a pseudocodeword to lie in the fundamental polytope.

It was shown in [Tl [T2] that a stopping set in a simple LDPC constraint graph is
the support of a pseudocodeword as defined above. Thus, generalizing the definition
of stopping sets to generalized LDPC code, we have:

Definition 6. A stopping set in a generalized LDPC constraint graph G is the
support of a pseudocodeword p of G.

Note that this definition of stopping sets for a generalized LDPC code implies
the same operational meaning as stopping sets for simple LDPC codes, i.e., the
iterative decoder gets stuck if a generalized LDPC code is used for transmission
over a BEC and the set of erased positions at the receiver contains a stopping set
(as a subset) as defined above.

In Sections 3, 4, 5 and 6, we will consider pseudocodewords and their behavior
on the binary symmetric channel (BSC), and in Section 7, we will consider pseu-
docodewords on the additive white Gaussian noise (AWGN) channel. The weight
of a pseudocodeword p on the BSC is defined as follows [I§].

Definition 7. Let e be the smallest number such that the sum of the e largest
components of p is at least the sum of the remaining components of p. Then, the
BSC pseudocodeword weight of p is

2e, if >, largest Pi = Zremaining DPi
e—1, if >, largest Pi = Eremaining bi

wBsc(P) = { 9
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B parity—check constraint
(d,d-1, 2] constraint

(X > &c| X |
| x|

1X]< an

Degree ¢ vertices: variable nodes, degree d vertices: simple parity-check constraints.

Ficure 3. Expander code: Case A.

Definition 8. The minimum BSC pseudocodeword weight of an LDPC constraint
graph G on the BSC is the minimum weight among all pseudocodewords obtainable
from all finite-degree lifts of G. This parameter is denoted by w25¢.

3. CASE A

Definition 9. Let 0 < @« < 1 and 0 < d < 1. A (¢, d)-regular bipartite graph G
with n degree ¢ nodes on the left and m degree d nodes on the right is an (an, dc)
expander if for every subset U of degree ¢ nodes such that |U| < an, the size of the
set of neighbors of U, |I'(U)| is at least dc|U|.

Let a (¢, d)-regular bipartite graph G with n left vertices and m right vertices be
an (an, éc) expander. An LDPC code is obtained from G by interpreting the degree
c vertices in G as variable nodes and the degree d vertices as simple parity-check
nodes. (See Figure Bl)

3.1. MINIMUM DISTANCE.

Lemma 1. [§] If 6 > 1/2, the LDPC code obtained from the (an,dc) expander
graph G as above has minimum distance dpyin > an.

3.2. MINIMUM STOPPING SET SIZE.

Lemma 2. If 6 > 1/2, the LDPC code obtained from the (an,dc) expander graph
G as above has a minimum stopping set size Syin > an.

Proof. Suppose the contrary that there exists a stopping set S of size smaller than
an. Then by the expansion property of the graph, the size of the set of neighbors
of S'is |T'(S)| > d¢c|S|. The average number of times a vertex in I'(S) is connected

to the set S is \1f|(gl)| < ;cllill < 2. This means that there is at least one vertex in

I'(S) that is connected to the set S only once, contradicting the fact that S is a
stopping set. O

Note that the above proof is just an extension of the proof of Lemma [0 for the
lower bound on the minimum distance dy;, since it uses the fact that every check
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node neighbor of a stopping set is connected to the set at least twice, which is a
similar requirement for a codeword in the proof of Lemma [

3.3. MINIMUM PSEUDOCODEWORD WEIGHT.
Theorem 1. If§ > 2/3+1/3c such that dc is an integer, the LDPC code obtained
from the (an,dc) expander graph G as above has a pseudocodeword weight

Bsc  2(an —1)(36 —2)

: -1
wmm > (26_ 1)

Proof. The proof is by contradiction. Let p = (p1,...,pn) be a pseudocodeword
in G. Without loss of generality, let p;1 > ps > ... > p,. We will show that if e
is the smallest number such that p; +p2 + -+ + pe > pes+1 + .. + Dpn, then e must
be more than %. We will assume a subset U of size e of variable nodes
corresponding to the e dominant components of p to have a size that is at most
% and establish the necessary contradiction.

Let V. = {v1,v2,...,v,} be the set of variable nodes. Let U = {v1,...,v.}
be a set of e variable nodes corresponding to the e largest components of p. Let
U= {v; € Vlo ¢ U,|T(v;) NT(U)| > (1 — A)e + 1}, where T'(X) is the set of
neighbors of the vertices in X and A = 2(1 = 6) + 1. Let U' = U U U. Note that
since we assume dc to be an integer, Ac is also an integer.

We want to show that if |U’| < an, then we can find a set M of edges such that:
(i) every node in U is incident with at least dc edges in M, (ii) every node in U is
incident with at least Ac edges in M, and (iii) every node in I'(U’) is incident with
at most one edge in M. (Such a set M is called a (d, \)-matching in [I3].) Suppose
e=|U| < %, where g = %. Then by Lemma 6 in [I3], |U| < B|U|. This
implies that |U’| < (1 4+ 8)|U| < (an — 1). Since G is an (an, dc)-expander, this
means |[(U')| > dc|U’| = d¢|U| + d¢|U].

We will prove the (§, A\)-matching property in G by constructing a new bipartite
graph G as follows. Label the edges connected to each vertex in UUU as {1,2,...,c}.
For each vertex v in UUU7 create dc¢ vertices vy, va, ..., Use in G. For every vertex w
in I'(U’) in the graph G, form a vertex w in the graph G. Let U correspond to the
set of vertices in G that correspond to the copies of vertices in U UU and let W be
the set of vertices in G that correspond to the vertices in I'(U’) in G. For a vertex
v in G, connect the vertex v; € X, i =1,2,...,d¢c, to a node w € W if and only if
the i*" edge of v is connected to w € T(U’) in G. (Note that the dc vertices in G
that correspond to a node in U correspond to dc edges incident on that node in G.
Furthermore, since G does not contain multiple edges, each of those dc edges are
connected to a distinct node in T(U’), which means that each of the ¢ copies in G
corresponding to a node in U are connected to a distinct node in W.) Now, for any
subset X C U, we will always have that [[(X)| > |X|in G. This can be seen by the
following argument: since the graph G is an (an, éc) expander and |U U U | < an,
therefore any subset Y € UUU has the property that [T(Y)| > d¢(|Y]) in G. Choose
Y such that the set of vertices in X in G correspond to the set of vertices in Y in the
graph G. We have |T'(X)| = [T(Y)| > éc|Y| > 6¢|X|/(d¢c) = | X| since T'(X) =T(Y)

by construction and dc|Y| > |X| by construction. Thus, for any subset X C U
in the graph G, we have |I'(X)| > |X|. Therefore, by Hall’s (Marriage) Theorem,
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there is a matching of all nodes in U (which corresponds to the dc copies of vertices
in UUU) to the set in W (or T(U’)). Since Ac < d¢ by the choice of A, this means
that the matching in G corresponds to a (4, A)-matching for the set U’ in the graph
G.

Consider all of the check nodes in I'(U) that are incident with edges from M
that are also incident with the vertices in U. Let us call this set of check nodes T'.
We now apply the inequality in equation (@) at each of the check nodes in T and
combine the inequalities by summing them. For each check node, the left-hand side
of equation (@) is chosen to be a component of the pseudocodeword corresponding
to a vertex in U if the edge from M that is incident with the check node is also
incident with that vertex in U. After combining all such inequalities in all of the
above check nodes, we obtain an inequality that has dc(p; + -+ + pe) on the left
hand side since there are at least dc edges from each vertex in U that are incident
with M. Furthermore, by the same argument, there are most (1 — d)c edges from
each vertex in U that are not in M but are possibly also incident with the above
check nodes. Moreover, at most (1 — \)c edges from each vertex in U are possibly
incident with the above check nodes and at most (1 — A)c edges from each vertex
in V\U’ are possibly incident with the above check nodes by the definition of U’.
Therefore, we have the following inequality when we sum the inequalities obtained
above at all the above check nodes:

(1) Se(pr++ +pe) < (L —08)elpr 4+ +p)+ 1= Ne( D pi)+ 1A =Ne( > pi).
v, €U v; EVAU’

The above inequality implies that
(1-X)
(26 — 1)
from the choice of . Thus, the desired contradiction is achieved. From the definition
of pseudocodeword weight on the BSC (Definition ), we have w?5¢ (p) > 2¢ —1 =

prt+-+pe < (Pet1 4+ +Pn) < Pes1+ -+ Pn,

2(an—1)(36—2
( (261(1) o1 O
Remark 2. e The proof of the above theorem can also be inferred directly by

the result in [I3]. However, we believe the proof presented here is somewhat
simpler than the indirect approach in [T3].

e For the case when § = 3/4, the lower bound on the minimum pseudocodeword
weight wmin, matches the lower bound on dmin and sy, presented in Lemmas
M and 2 This is particularly appealing since an expander code achieving the
lower bound on the minimum distance will also achieve the lower bound on
the minimum pseudocodeword and will have no pseudocodewords of weight
less than the minimum distance.

4. CASE B

Let a (¢, d)-regular bipartite graph G with n left vertices and m right vertices
be a (an,dc) expander. (See Definition @l) An LDPC code is obtained from G by
interpreting the degree c vertices in GG as variable nodes and the degree d vertices as
sub-code constraints imposed by a [d, rd, ed] linear block codd. A valid assignment
of values to the variable nodes is one where the (binary) values assigned to the

2The parameters of an [n, k, d] binary linear block code are the block length n, the dimension
k, and the minimum distance d.
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B generalized constraint
([d, rd, d] censyraint

[F(X)] > &c| X |
[ X |

X]< an

Degree ¢ vertices: variable nodes, degree d vertices: sub-code constraints of a [d, rd, ed] code.

FI1GURE 4. Expander code: Case B.

variable nodes connected to each constraint node satisfy all the constraints imposed
by the subcode, meaning that the binary assignments from the variable nodes con-
nected to each constraint node form a codeword in the subcode. (See Figure H)
Such an LDPC code is called a generalized LDPC' code.

4.1. MINIMUM DISTANCE.

Lemma 3. [8] If 6 > 1/(ed), the LDPC code obtained from the (an,dc) expander
graph G as above has minimum distance dyin > an.

4.2. MINIMUM STOPPING SET SIZE. A generalized stopping set is as defined in
Definition [ in Section 2. Under the assumption that the [d, rd, ed] subcode has no
idle components, meaning that there are no components that are zero in all of the
codewords of the subcode, Definition Bl reduces to the following: A stopping set in
a generalized LDPC code is a set of variable nodes such that every node that is a
neighbor of some node s € S is connected to S at least ed times.

Lemma 4. If§ > 1/(ed), the LDPC code obtained from the (an, dc) expander graph
G as above has a minimum stopping set size Symin > an.

Proof. Suppose the contrary that there exists a stopping set S of size smaller than
an. Then by Definition B, there is a pseudocodeword p whose support has a size
smaller than an. By the expansion property of the graph, the size of the set of
neighbors of S is [I'(S)| > dc|S|. The average number of times a vertex in I'(S) is

connected to the set S is % < % < de. This means that there is at least one

vertex in I'(S) that is connected to the set S less than de times. Therefore, there
are less than de non-zero pseudocodeword components connected to that constraint
node in I'(S). If we choose the de/2 largest components among them, then their
sum is greater than the sum of the remaining pseudocodeword components at that
constraint node. This is a contradiction to the inequality in Equation B, meaning p
cannot be a pseudocodeword and therefore S cannot be a stopping set. Thus, the
size of S cannot be less than an. O
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4.3. MINIMUM PSEUDOCODEWORD WEIGHT.

Theorem 2. If 6 > ﬁ + m such that éc is an integer, then the LDPC
code obtained from the (an,dc) expander graph G has a minimum pseudocodeword
weight

BSC 2(an —1)((de + 1) — 2)

: —1.
min (ded — 1)

w.

Proof. The proof is by contradiction. Suppose G is an (an, dc)-expander, where
o> ﬁ + ﬁ. Then, assuming p is a pseudocodeword of the LDPC constraint
graph G, the proof follows that of Case A by choosing a set of variable nodes U
corresponding to the e dominant components of the pseudocodeword and letting
U =e < (0‘17:_761), where § = We need to show that wZ5¢ > 2¢ — 1 =
2(om, 1)((de+1)5—2)
(ded—1)
in Case A, thereby allowing « to be larger and yielding a larger bound overall. The

argument is the same as in the proof of Case A, where now we set A = 2 — ded —|—
(an— 1)
48 °

then |U| < B|U|. Suppose to the contrary, |U| > B|U|, then that means there
is some subset U C U such that || = |3|U]|] + 1. This means that |U U U| =

U+ 18Ul +1 < 1+ B8)|U +1 = an. Since G is an (an,dc) expander, we
then have IT(UUU)| > 6¢(|U|+ |U|). However, observe that |F(UUU)| = |T(U)|+
NN < U]+ (e D[] since [P(U)] < efU] and [PENT(D)] < (Ae— 1]
by definition. Combining the above inequalities, we have dc(|U| + |U|) < c|U] +

(Ac — 1)|U], implying |U] < % = B|U|. This contradicts the choice of U

above. Thus, if |U| = < {2"=D then [U] < B|U].
Following the rest of the proof of Theorem 1 and using the inequality in Equation
A for the pseudocodeword components, the first inequality in equation (@) in the

proof of Case A now becomes

(de+1)5 2
— 1. By using a strong subcode, the ¢ required is less than that

Following the proof of Theorem 1, we will first show that if |[U| = e <

(de - 1)50(]91 + - +pe) < (1 - 6)0(]?1 + - +pe)

(Y p)+(L=Ne( Y pi).

v el v, €EV\U’
This yields
(1-X)

B . ety . oy,
prto+p _(das_l)(erl"' +Pn) <Peyrt+--+p
from the choice of A. Thus, by Definition [ the weight of p is w(p) >2e—1. O

Remark 3. e Since de > 2 for any judicious choice of subcode, the lower bound
in Theorem 2 is always greater than the lower bound in Theorem 1. Further,
the graph need not be as good an expander in Case B as in Case A for the lower
bound to hold. Thus, using strong subcodes is advantageous for constructing
good LDPC codes from expander graphs.

e Note that for § = de 5, the lower bound on the pseudocodeword weight equals
the lower bound on the minimum distance and minimum stopping set size.
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Expander Graph G Generalized  LDPC code

=
! B constraint node
BN [d,rd, d] sub-code
o variable node
o
d-regular expander (2,d)-regular bipartite graph
on N vertices and E edges on E left vertices and N right vertices

Edges: variable nodes, degree d vertices: constraints of a [d, rd, ed] code.

F1GURE 5. Expander code: Case C.

5. CAsE C

Definition 10. A connected, simple, graph G is said to be a (n,d, 1) expander if
G has n vertices, is d-regular, and the second largest eigenvalue of G (in absolute
value) is p.

Let a d-regular graph G be an (n,d, u) expander. An LDPC code is obtained
from G by interpreting the edges in GG as variable nodes and the degree d vertices
as constraint nodes imposing constraints of an [d, rd, ed] linear block code. (See
FigureB) The resulting LDPC code has block length N = nd/2 and rate R > 2r—1.

We now state a particularly useful result by Alon and Chung [19, R] describing
the expansion of a d-regular graph.

Lemma 5. (Alon-Chung) Let G be a d-regular graph on n vertices and let p be
the second largest eigenvalue of its adjacency matriz. Then every subset S of yn
vertices contains at most %1(72 + L(y —~?)) edges in the subgraph induced by S in
G.

5.1. MINIMUM DISTANCE.

Lemma 6. 8] The LDPC code obtained from an (n,d,pn) expander graph G as

_1y2
above has minimum distance dpyin > Nglggz.
d

Note that the above result of Sipser and Spielman can be improved by a tighter

bound in the last step of their proof in [8] to dmin > NEE;:%;
d

5.2. MINIMUM STOPPING SET SIZE.

Lemma 7. The LDPC code obtained from an (n,d,un) expander graph G has a

3
minimum stopping set size Smin > Ne E;i;.
d

Note that we again use Definition Bl for stopping sets in G.
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Proof. Let S be a subset of variable nodes (edges in G) of size 2 (v2 + &(y — 42))
representing a stopping set in G. Then S is the support of some pseudocodeword
p in G. By the Alon-Chung lemma, the set S has at least yn constraint node
neighbors I'(S). Since each edge in S has two constraint node neighbors in T'(.5),
this implies that the average number of edges in S connected to a constraint node

nd 2 2
in I'(S) is at most W However if

®) 250 (y* + 5(y =7%)
n

then there is at least one node in I'(S) that is connected to S fewer than ed times

to S. That means that fewer than ed non-zero components of p are connected to a

constraint node. It can now be shown that the inequality in Equation B is violated,

implying that p cannot be a pseudocodeword (and, S is not a stopping set.)

—d(y+5(1-7) <<,

The above inequality in equation () holds for v < j:g . Substituting the value

d
of yin |S| = 2 (4% 4 £(y —~?)), we infer that the graph cannot contain a stopping

K
set of size less than "—degjfgg. Hence,
d

2
ooond (=B et

SR aon T oy

5.3. MINIMUM PSEUDOCODEWORD WEIGHT.

Theorem 3. The LDPC code obtained from an (n,d,p) expander graph G has a
minimum BSC pseudocodeword weight lower bounded as follows:

(5= 4)

BSC
w > Ne~—F~.
(1-3)

min

Proof. For sake of simplicity, we assume that % is an integer. However, it is easy

to extend the proof for any value of de. The d-regular graph G can be transformed
to a (2,d)-regular bipartite graph G’ by representing every edge in G by a vertex
in G’ (the variable nodes) and every vertex in G by a vertex in G’ (the constraint
nodes) and connecting the variable nodes to the constraint nodes in G’ in a natural
way. The variable nodes have degree two and they represent codebits of the LDPC
code C, whereas the constraint nodes have degree d and each represents a [d, rd, ed]-
subcode constraints.

Let p = (p1,p2,-..,pn) be a pseudocodeword, where N = "Td is the number
of edges in G and also the length of the LDPC code. Without loss of generality,
let us assume that p; > ps > --- > pn. Let e be the smallest number such that
P1+ D2+ Pe > Pet1 + - +pn. Let X, be the set of edges in G that correspond
to the support of the e largest components of p, and let I'(X,) be the set of vertices
incident on X.. Note that in the transformed graph G’, X, is a subset of the
variable nodes, and I'(X,) is its set of neighbors.

Let [Xc| = 2¢(y2 4+ &(y — 4?)), where v < (f:g) Since G is an (n,d, 1) graph,
we have |I'(X.)| > yn. We now claim that there is a set of edges M in G’ called
an e-matching such that (i) every vertex in X, in the graph G’ is incident with at
least one edge from M and (ii) every vertex in I'(X.) in the graph G’ is incident
with at most de/4 edges from M.
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Given the claim, we can apply the pseudocodeword inequality from equation
at each of the vertices in I'(X.) that is incident with edges from M. For each such
vertex w in I'(X,), the left-hand side of equation (@) is chosen to have the de/4 or
less components of the pseudocodeword that correspond to the vertices in X, that
are connected to w via an edge from M. After combining all such inequalities in all
of the above constraint nodes, we obtain an inequality that has 3(p1 + -+ + pe) on
the left hand side.

Furthermore, there is at most one edge from each vertex in X, that is not in M
but is possibly also incident with the above constraint nodes in T'(X.). Moreover,
at most two edges from each vertex in V' — X, are possibly incident with the above
constraint nodes. Therefore, after applying the pseudocodeword inequality (equa-
tion ) as above at each of these constraint nodes and summing these inequalities,
we obtain the following inequality:

3(2]%) < Zpi+2(2pi)-

i€X, i€X, i€ X,

Simplifying, we get

(0)=(S0)

i€X, i¢X,

By the definition of the pseudocodeword weight on the BSC channel (see Def-
inition [), we have that the pseudocodeword weight of p is w(p) > 2|X,|. Since
Xel = (32 4+ By = 2), for v < (354), we have w(p) > 2(3)(9)(34) =

Ne( ?:E ). This proves the desired lower bound on Wiy .
d

To prove the claim, observe that for any set X of left vertices in G’ such that

€

|X|=N(*+4(y—~?)) where y < (f:ﬁ%), we have [['(X)| > yn > 2|X|. In other
d
words, for every X such that |X| = N(y? + &4(y —4?)) where v < (2=#), we have
d
4e|IT(X)| > | X|. Thus, for any X C X, we have

0 e = 1x).

We now prove the claim that there is an e-matching for the set X, using contra-
diction. The proof is very similar to the converse of Hall’s marriage theorem. We
want to show that there is a set of edges M in G’ such that: (i) every v € X, is
incident with at least one edge from M and (ii) every w € I'(X,) is incident with at
most de/4 edges from M. We will prove this by showing that there is a matching
M such that: (i) every v € X, is incident with exactly one edge from M and (ii)
every w € I'(X,) is incident with either exactly de/4 edges from M or zero edges
from M.

We consider the induced subgraph G” of X, in G’. Suppose to the contrary no
such matching exists, then we will assume that there is a maximum matching M’
such that the maximum number of vertices in X, are matched to the vertices in
I'(X.) as described above. That is, M’ is the maximum matching such that as many
vertices in X, are each incident with one edge from M’ and all the vertices in I'(X,)
are incident with either zero or exactly de/4 edges from M’. Since we assume that
not all the vertices in X, are incident with edges in M’, there is a vertex v € X,
that is not incident with any edge from M’. Now, we let S be the set of vertices in

ADVANCES IN MATHEMATICS OF COMMUNICATIONS VoLUuME 1, No. 3 (2007), 287-306



300 CHRISTINE A. KELLEY AND DEEPAK SRIDHARA

X, that are connected to v by an M'-alternating pathfl in G” and let T be the set of
vertices in I'(X,) that are connected to v by an M’-alternating path in G”. Then,
it is clear that S C X, and I'(S) = T'. Furthermore, every vertex in S — v has one
edge incident from M’ that is connected to some vertex in T and every vertex in T
has de/4 edges incident from M’ that are connected to vertices in S —v. (Since M’
is a maximum-matching, it is easy to show that there is no M’-augmenting path as
defined in [24].) This means that (2)|T'| = |S| — 1, which contradicts equation B
This proves that there exists a matching M as described above. O

The above proof holds even when de/4 is not an integer. In that case we simply
replace % with [ 4] in the above when de/4 > 1. In the case when de/4 < 1, the
proof is trivial since the e-matching condition follows directly from Hall’s marriage

theorem.

Remark 4. e Note that the lower bound on the minimum pseudocodeword
weight closely resembles the lower bound on the minimum distance and the
minimum stopping set size. The only difference is a factor of two in the € term
within the braces in Lemma [ and Theorem

e The lower bound suggests that if one were to use good expanding graphs
such as the Ramanujan graphs from the construction in [3] and choose an
appropriate choice of subcodes having minimum distance at least twice the
second eigenvalue of the expander then the resulting code will have a good
pseudocodeword weight and a good minimum distance. This is interesting for
designing codes that are good for iterative decoding or LP decoding.

6. CAse D

Definition 11. A (¢, d)-regular bipartite graph G on m left vertices and n right
vertices is a (¢, d, m,n, p) expander if the second largest eigenvalue of G (in absolute
value) is p.

Let a (¢, d)-regular bipartite graph G be an (¢, d, m,n, ) expander. An LDPC
code is obtained from G by interpreting the edges in G as variable nodes, the degree
c left vertices as sub-code constraints imposed by an [¢, r1¢, €1¢] linear block code,
and the degree d vertices as constraint nodes imposing constraints of an [d, rad, €2d]
linear block code. (See Figure Bl) The resulting LDPC code has block length
N =mc=nd and rate R > r; + 15 — 1.

We state a useful result by Janwa and Lal [I0] describing the edge-expansion of
a regular bipartite graph G.

Lemma 8. (Janwa-Lal, edge-expansion) Let G be a (c,d)-regular bipartite graph
on m vertices on the left and n vertices on the right and let p be its second largest
eigenvalue. If S and T are two subsets of the left and the right vertices, respectively,
of G, then the number of edges in the induced sub-graph of S and T in G is at most

d L
E(S,T)| < —|S||IT| + = T|).
[E(S,T) < —IS|IT1+ 5 (IS]+IT1)

3Refer to [24] for the definition of an M’-alternating path.
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C

B [crc,c] opstraint

X [d,rd,d] @nstraint

N=mc=nd
m
m

Edges: variable nodes, degree ¢ vertices: [c,T1¢, €1¢] constraints,

degree d vertices: [d, r2d, ead] constraints.

FIGURE 6. Expander code: Case D.

6.1. MINIMUM DISTANCE.

Lemma 9. [T0] If ead > €1¢ > pu/2, the LDPC code obtained from the (¢, d, m,n, )
expander graph G as above has minimum distance

1 c d
dmin Z - - — 3 - .
(6162 2@(61\/;+62\/:)>

6.2. MINIMUM STOPPING SET SIZE. We again use the generalized definition of stop-
ping set in Definition B Under the assumption that the [d, rod, e2d] and [¢, 1 ¢, €1¢]
subcodes have no idle components, meaning that there are no components that are
zero in all of the codewords of either of the subcodes, Definition B reduces to the
following: A stopping set in a generalized LDPC code as in Case D is a set of vari-
able nodes such that every node that is a degree ¢ neighbor of some node s € S is
connected to S at least e1c times and every node that is a degree d neighbor of some
node s € S is connected to S at least ead times.

Lemma 10. The LDPC code obtained from the (c,d,m,n, u) expander graph G has
a minimum stopping set size

I c d
i 2 Y (6162 2@(61\/; " 62\[&)

Note that when min{esd, e1¢} > p, the lower bound in the above is positive and
meaningful.

Proof. Let X be a stopping set corresponding to a subset of edges in G and let .S
and T be the set of left and right neighbors, respectively, of X in G. Then X is the
support of some pseudocodeword p in G. Suppose there is some node in S that is
connected fewer that ce; times to the edges in X, then the inequality in Equation Bl
is violated by the pseudocodeword components at that constraint node. Similarly,
if some node in 7' is connected fewer than dey times to the edges in X, then the
corresponding pseudocodeword components will not satisfy all the inequalities in
Equation Bl Thus, every node in S is connected to X at least ce; times and every
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node in T is connected to X at least des times. This means |S| < IX] and |T| < 1;:2‘

By Lemma B we have -
IX| < |E(S,T)| < —ISIITI +35 (ISI +1T1).

This can be further bounded as

d |X* u, 1
X<—ST S|+17T|) < — =
x1< Lisiri+ £gsi +my < 2 IXE

Simplifying, we obtain
312 (st ss8) = s o)

6.3. MINIMUM PSEUDOCODEWORD WEIGHT.

Theorem 4. If ead > €1¢, the LDPC code obtained from the (c,d,m,n, u) expander
graph G has a minimum pseudocodeword weight

wBSC > NEe (6—1—ﬁ)

min = d 2

Note that the above lower bound is positive and meaningful when e1¢ > 2u.

Proof. Let p = (p1,p2,-..,pn) be a pseudocodeword. Without loss of generality,
let us assume that p; > ps > --- > py. Let e be the smallest number such that

(10) P1+p2--+Pe > Pet1 + -+ PN

Let X, be the set of edges in G that correspond to the support of the e largest
components of p. Now we define a set S as the set of left neighbors (degree ¢
neighbors) to the edges in X., and similarly define a set T' as the set of right
neighbors (degree d neighbors) to X.. The (¢, d)-regular graph G can be transformed
to a graph G’ by representing every edge in G by a vertex (called a left-vertex)
in G', every vertex of degree ¢ in G by a vertex (called a right-left vertex) in
G’, every vertex of degree d in G by a vertex (called a right-right vertex) in G’
and by connecting the edges from the left vertices to the right-left and right-right
vertices in G’ in a natural way. The left vertices have degree two and they represent
variable nodes of the LDPC code C, whereas the right-left vertices have degree ¢ and
represent [¢, T1¢, €1¢]-subcode constraints and the right-right vertices have degree d
and represent [d, rod, ead]-subcode constraints. Note that I'(X.) = SUT in G’.

Let | X.| < Ngze1(5 — £). Now let us consider two cases.

Case 1: Suppose [SUT| =|S|+|T| < ;|X |. Then, Since G is a (¢, d,m,n, p)
graph, we have

[ Xe| < —|S||T|+ (ISI +1T1)

Note that |S||T| < w. Hence, we have
d 16|AX€|2 pAX|
m 4c2e? 2 cer

| Xe| <

On simplifying, the above yields

€1 K
Xe| > N—e(=———).
Xel > Nosa(5 - 5)
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This inequality contradicts the assumption on the size of X..

Case 2: Suppose |SUT| > %|Xe|. Then we claim that there is a set of edges
M in G’ called an e;-matching such that (i) every vertex in X, in the graph G’ is
incident with at least one edge from M and (ii) every vertex in S UT in the graph
G’ is incident with at most ceq /4 edges from M.

The rest of the proof is similar to that for Theorem 3. Given the claim, it is easy
to show that by applying the pseudocodeword inequality from equation [ at all the
nodes in S UT that are incident with edges from M and summing them, we can
arrive at at an inequality of the form

Z Pi < Z Di-

e igX.
This will prove that the weight of p is w(p) > 2|X,.| implying that the minimum
pseudocodeword weight is w25¢ > 2| X, | Hence

c € c €

The proof for the matching also follows the same arguments as that in Theorem 3.

We derive the condition for proving the matching as follows: For any subset X C X,
let Sx be the set of right-left neighbors of X in G’ and let T'x be the set of right-
right neighbors of X in G’. Note that |Sx UTx| = |Sx|+|Tx| > %|X|. Otherwise,
using the argument in case 1 and the fact that G is a (¢, d, m, n, u) expander, it can
be shown that | X| > Ng5e1(5 — £) > [Xc|, which is a contradiction. Thus, for any
subset X C X,, we have

4
(11) |Sx UTx| > —|X]|.
Cceq
The rest of the proof is similar to that in Theorem 3. O
Remark 5. e Note that if ce; > dey > 2u, then it can be shown using a similar
proof as in Theorem 4 that wBZ5C > Ndey(2 — 4).

e Observe that the lower bound on the minimum pseudocodeword weight is
slightly weaker compared to the lower bound on the minimum distance and the
minimum stopping set size, since the proof in Theorem 4 exploits the strength
of only one the subcodes — namely, the subcode with the smaller distance. We
however believe that this can be improved to give a much stronger result as
stated below.

e Note that in the case where ¢ = d, m = n, and ¢; = e = ¢, the result in
Theorem 4 closely resembles the result in Theorem 3 and is almost equal to
the lower bounds on the minimum distance and the minimum stopping set
size.

e The lower bound suggests that if one were to use good expanding graphs such
as the bipartite Ramanujan graphs from the construction in [B] and choose
an appropriate choice of subcodes having minimum distance at least twice
the second eigenvalue of the expander then the resulting code will have a
good pseudocodeword weight and a good minimum distance. Once again,
this is interesting for designing codes that are good for iterative decoding or
LP decoding. Furthermore, with different choices of ¢ and d, there is greater
flexibility in the designing good codes using the construction in Case D than
that in Case C.

We believe that Theorem 4 can be improved to a stronger result as follows:
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Conjecture 1. If ead > e1¢ > 2u, the LDPC code obtained from the (c,d,m,n, u)
expander graph G has a minimum pseudocodeword weight

d
TR T
Whin Z ( 2 2\/@(61 d+62 C))

7. A PARITY-ORIENTED LOWER BOUND

Definition 12. The weight of a pseudocodeword q = (¢1,¢2, - - .,¢qn) of an LDPC
constraint graph G on the AWGN channel is defined as [I8, [21]

q) _ (Z?:l q1)2
i @)

The following bound on the minimum pseudocodeword weight on the AWGN
channel is an adaptation of Tanner’s parity-oriented lower bound on the minimum
distance [I6]. Further, this bound complements the bit-oriented bound obtained by
Vontobel and Koetter [22] which is also a lower bound on the minimum pseudocode-
word weight in terms of the eigenvalues of the adjacency matrix of G, obtained using
a slightly different argument.

wAWGN(

Theorem 5. Let G be a connected (j, m)-reqular bipartite graph representing an
LDPC code with an rxn parity check matriz H. Then the minimum pseudocodeword
weight on the AWGN channel is lower bounded as

AWGN o 4] — pam)

o (1 = p2)m’

where p; = jm and ps are the largest and second-largest eigenvalues (in absolute
value), respectively, of HHT .

w

Proof. Let q = (q1,--.,qn) be a pseudocodeword of G, and let p = Hq be a real-
valued vector of length r. The first eigenvector of HH” is e; = (1,1,...,1)T//r.
Let p; be the projection of p onto the ith eigenspace. We will now upper bound
| HTp ||?. Converting || HTp ||? into eigenspace representation, we get

T T
I H D P= pillpi IP=pa o1 I+ pi | pi |I?
i=1 =2
<p I pr P+l p 17 = 1 p1 7).
Note that

-9 n n
J ;
I pu 2= 23" a0 and | p 2 mi( Y a?).
i=1 i=1
The first equality follows from the choice of p and the regularity of the parity check
matrix H. The second inequality follows by applying the identity (¢1 + g2 +--- +
q)> < t(¢? + g3+ -+ ¢?) to the terms in the expansion of || p ||°.
The above set of equations yield
| HT 1P< (1 = i) 5= (Yo a) + mami (Y a?).
i=1 i=1

We now lower bound || HT'p ||? as follows

| H p |*= Z (iihi,thi,lqe)2 > (4]'2)(2”:%2).

n
t=1 =1 /¢=1 t=1
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This bound may be seen by observing that for each ¢ in the outer summation,
the inner sums over the indices ¢ and ¢ contribute j ¢ terms and (m — 1)j terms
involving other ¢x’s. When t is fixed, for each i wherein h;; = 1, we have ¢; and
(m —1) other gi’s that contribute to the inner sum. Since ¢; and the (m — 1) other
gr’s are involved in the ith constraint node and since q is a pseudocodeword, we
have ¢;+sum of (m — 1) other gi’s > 2¢;. Since there are j values of ¢ wherein
hit = 1, for a fixed ¢, the inner sum over ¢ and ¢ can be lower bounded by 2jg;.
Thus, || HTp ||°> 320 (2j4)? = 452 (-, a)-

Combining the upper and lower bounds, we get

(45% — pemj)r _ (7 @)®  awen
) S n 2 =w (q)
(n1 = p2)j (i1 a)
Since nj = rm, we obtain the desired lower bound. O

Remark 6. Note that this lower bound is not as strong as the bit-oriented bound
in [22]. Tt equals the bit-oriented bound for the case when m = 2. However, we
believe that by a different but judicious choice of p in the above proof and by using
stronger intermediate bounding steps, a much stronger parity-oriented bound can
be obtained.

8. CONCLUSIONS

In this paper, the expander-based (i.e., eigenvalue-type) lower bounds on the
minimum distance of expander codes were extended to lower bound the minimum
stopping set size and the minimum pseudocodeword weight of these codes. A new
parity-oriented lower bound in terms of the eigenvalues of the parity-check ma-
trix was also obtained for the minimum pseudocodeword weight of LDPC codes on
the AWGN channel. These lower bounds indicate that LDPC codes constructed
from expander graphs provide a certain guaranteed level of performance and error-
correction capability with graph-based iterative decoding as well as linear program-
ming decoding. Further, the results indicate that if the underlying LDPC constraint
graph is a good expander, then the corresponding expander code has a minimum
BSC pseudocodeword weight that is linearly growing in the block length. This is in
general a very hard criterion to ensure in the construction of good error correcting
codes at large block lengths. It would be interesting to derive upper bounds on
the distance, stopping set size, and pseudocodeword weight of expander codes to
examine how tight the derived lower bounds are.
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