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Abstract. In this paper, we consider systems of integral equations related to the
weighted Hardy-Littlewood-Sobolev inequality. We present the symmetry, mono-
tonity, and regularity of the solutions. In particular, we obtain the optimal integra-
bility of the solutions to a class of such systems. We also present a simple method
for the study of regularity, which has been extensively used in various forms. The
version we present here contains some new developments. It is much more general
and very easy to use. We believe the method will be helpful to both experts and
non-experts in the field.

1. Introduction. Let 0 < A < n and let 1 < s,r < oo such that % + % + % = 2.
Let || f|l, be the LP(R™) norm of the function f. The well-known classical Hardy-
Littlewood-Sobolev inequality (HLS) states that:

/n / |x— |A dwdy < Csanllflrllgls (1)

for any f € L"(R"™) and g € L°(R").

Hardy and Littlewood also introduced the double weighted inequality, which was
generalized by Stein and Weiss in [23]. This inequality is called double weighted
Hardy-Littlewood-Sobolev (WHLS) inequality:

/n/n Mdl‘dy < Caﬁ,S,)\,anHngHS (2)

||z — y|My|8

where 1 < 7,5 < 00,0 < A <n,a+ > 0 and the powers «, 3 of the weights satisfy

1A 1 1 1
ol e Lty Atetb (3)
T n n T T S

To obtain the best constant in the weighted inequality (2), one can maximize the
functional
- [ [ A, W
n Jre 2| —y[Myl
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under the constraints || f|» = ||g|ls = 1. The corresponding Euler-Lagrange equa-
tions are the following system of integral equations:

r—1
Airf(z) " = \m1|a Jro %dy
Nasg(e) ™ = Gl f ey

where f,g >0, x € R" and \ir = )\23 = (f, g).
Lettlng u = leT_lv v = 029 7 P=7=49= ﬁ?
proper choice of constants ¢; and cs, system (5) becomes

(@) = s fpn i Y
v(z) = u(y)”®

dy
Aa _ Moatp
Whereu7v20,0<p,q<oo70<)\<n 7<—<— andm—i—ﬁ—l—T.

In the special case, where o = 0 and ﬂ =0, system ( ) reduces to

{ ) = Jpa |xq(yg ~dy )

(5)

when pq # 1, and by a

Hs

(6)

fR" [yl*]z—y|>

@) = Jre =y d
with \
1 1
—+—— == (8)
qg+1 p+1 n
The integral system is closely related to the system of partial differential equa-
tions

(=A)"/2y =09, u >0, in R,
LAY — in B" )
(=A) 2y =P, v >0, in R",

where y =n — A

In the special case where p = ¢ = %, and u(x) = v(x), the system (7)) becomes:
()"
wly)w
u(z) = / yindy, u>0in R". (10)
e |z —y[*

The corresponding PDE is the well-known family of semi-linear equations

(=A) 2y = /=Ny >0, in R™ (11)
In particular, when n > 3, and v = 2, (11) becomes

—Ay =D/ =2y 50, in R™. (12)
The classification of the solutions of (12) has provided an important ingredient in
the study of the well-known Yamabe problem and the prescribing scalar curvature
problem. It is also essential in deriving a priori estimates in many related nonlinear
elliptic equations.
Solutions to (12)) were studied by Gidas, Ni, and Nirenberg [14]. They proved
that all the positive solutions of (12)) with reasonable behavior at infinity, namely

1
u(z) = O(=) (13)
||
are radially symmetric about some point and therefore assume the form of

t
" =22 14
C(t2+ |x_xo‘2) ( )
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with some positive constants ¢ and t.

Later, in [5], Caffarelli, Gidas, and Spruck removed the growth condition (13)
and obtained the same result. Then Chen and Li [7], and Li [17] simplified their
proof. Recently, Wei and Xu [25] generalized this result to the solutions of more
general equation (11) with « being any even numbers between 0 and n.

Apparently, for other real values of o between 0 and n, equation (L)) is also
of practical interest and importance. For instance, it arises as the Euler-Lagrange
equation of the functional

I = [ Caytupda/([ ).

The classification of the solutions would provide the best constant in the inequality
~ 2n
of the critical Sobolev imbedding from Hz (R™) to L»-~ (R"):

(/ ul#7dz) T < C [ |(-A)Fulfda.
n R’n

In [18], Lieb classified all the maximizers of the functional (1) under the con-
straints || f]|» = 1 = ||g||s in the special case where p = ¢ = %, and thus obtained
the best constant in the HLS inequalities in that case. He then posed the classifica-
tion of all the critical points of the functional — the solutions of the integral equation
(10) as an open problem.

Chen, Li, and Ou solved this open problem in [9]. They proved:

Proposition 1. All solutions of partial differential equation (11) satisfy the integral
_2n_
equation (1)), and vise versa. Fvery positive solution u(z) € L' " (R™), 0 < v <

loc
n, of (10) or (11) is radially symmetric and decreasing about some point x, and

therefore assumes the form of (14)).

This proposition unifies and extends all the previous results on the family of
partial differential equations (11)).

Then in [10], Chen, Li, and Ou considered more general system (7)) and obtained
the symmetry and monotonicity of the solutions.

Proposition 2. Let (u,v) be a pair of solutions of (7) and p,q > 1. Assume that
u € LPYY(R™) and v € LITY(R™). Then u and v are radially symmetric and
decreasing about some point x,.

In [8], Chen and Li also obtained the regularity of the solutions.

Proposition 3. Assume that (u(zx),v(z)) is a pair of positive solutions of (7), and
u € LPTYR™) and v € LYY(R™). Then u(x) and v(x) are uniformly bounded in
R™.

It follows from Proposition (3, the standard integration theory, and regularity
argument that u(x) and v(z) are continuous and hence smooth everywhere.

To establish the symmetry of the solution, Chen, Li, and Ou [9] [10] introduced
a new idea, an integral form of the method of moving planes. It is entirely different
from the traditional method used for partial differential equations. Instead of relying
on maximum principles, certain integral norms were estimated. We believe that this
new idea will become a powerful tool in studying qualitative properties of other
integral equations and systems.
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Following Chen, Li, and Ou’s work, Jin and Li [15] studied the symmetry of the
solutions to the more general system (6).

Proposition 4. Let the pair (u, v) be a positive solution of system (6) with u €
LPH v € L9 and p,q > 1,pq # 1, and o, 8 > 0. Then u and v are radially
symmetric and decreasing about some point x,.

Jin and Li [16] also thoroughly discussed the regularity of the solutions to (6).

In this paper, we first present a simple method to study regularity of solutions.
It has been used extensively in various forms in the authors previous works. The
essence of the approach is well-known in the analysis community. However, the
version we present here contains some new developments. It is much more general
and is very easy to use. We believe that our method will provide convenient ways,
for both experts and non-experts in the field, in obtaining regularities. Essentially,
it is based on the following ”regularity lifting” theorem.

Let Z be a given vector space. Let || - ||x and || - ||y be two norms on Z. Define
a new norm || - ||z by
Itz = /1 %+ 115
For simplicity, we assume that Z is complete with respect to the norm | - ||z. Let

X and Y be the completion of Z under |- ||x and || - ||y, respectively. Here, one can
choose p, 1 < p < 00, according to what one needs. It’s easy to see that Z7 = X NY.

Theorem 1. Let T be a contraction map from X into itself and from Y into itself.
Assume that f € X, and that there exits a function g € Z such that f =Tf + g.
Then f also belongs to Z.

As an immediate application, we show how this ”Regularity Lifting Theorem”
can be applied to obtain the regularity for the solutions of the weighted integral
system. In [16], a more thorough discussion about the regularity can be found.

Theorem 2. Let (u,v) € LPTL(R™) x LITY(R™) be a pair of solutions of (6).

Assume that p,q > 1, o, 3 >0, ﬁ + q% - A+Z+ﬂ and

a<1<)\+a ﬂ<1<x\—|—,3

. 15
n—XA"p+l " n+X n—-X"qg+1 " n+A (15)
Then
1 A 1 A
uel” forfEIT:(g,ﬁ) and v € L* forfelsz(ﬁ, +ﬁ). (16)
r n’ n s n’ n

Remark 1. If we have |K1(z,y)|, |K2(z,y)] < C, then Theorem 2| also holds for
the following system:

_ 1 Ky (z,y)v(y)?
{ u(@) = g Jpn e, (17)

_ 1 Ko (x,y)u(y)”
v(#) = o Joe Tieter W
where A\, a, 3, p, q satisfy the same condition as in the previous theorem.
The following theorem shows that the integrability intervals (16)) are optimal.

Theorem 3. (u,v) € LPTL(R™) x LITY(R") be a pair of positive solutions of (6)).

Assume that o, 3 > 0, ﬁ + ﬁ = ’\+Z+ﬂ, then

wg (R Vg (8w g rr) v g (0 AEE
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Remark 2. If we have Ky(z,y), K2(x,y) > ¢ > 0, then Theorem 3| also holds for
system (17).

In section 2, we prove Theorem (1, 2/ and 3.

2. Regularity Lifting and Its Applications.
Here, we prove Theorem (1.

Proof. Step 1. First show that T : Z — Z is a contraction. Since T is a contraction
on X, there exists a constant #;, 0 < 6; < 1 such that

|Thy — The||x < 61]lh1 — ho| x.
Similarly, we can find a constant 6>, 0 < 6y < 1 such that

|Thy — Thally < 0a]|h1 — hally.
Let = max{601,02}. Then, for any hq, hy € Z,

|Thy = Thallz = {/IThy — Thall% + | Thy — Thal}

< {/Qf [h1 — ha% + 605 [[hy — ha|l§
< 0[lh1 — ha|z.

Step 2. Since T : Z — Z is a contraction, given g € Z, we can find a solution
h € Z such that h = Th + g. We see that T : X — X is also a contraction and
g € Z C X. The equation x = Tx + g has a unique solution in X. Thus, f=h € Z
since both h and f are solutions of x = Tx + ¢ in X. O

Now, an application is given of this technique. Let X = LP(R"), Y = LY(R")
and T be a contraction. Assume that f satisfies the equation

f=Tf+y,
with g € LP(R™) N LI(R™).
If f € LP(R™), then we have f € LP(R"™) N L7(R"™) by the above theorem.

Next, as an immediate application, we prove Theorem 2. The proof consists of
two main steps to extend the integrability of the solutions (u,v) from LPT1 x La+!
to L" x L® for the optimal integrability intervals of r, s.

In the first step, we use the weighted HLS inequality followed by the Holder
inequality to set up a contraction mapping, so that we can use theorem (1l to lift
the integrability. To apply the weighted HLS inequality, we need the r, s to satisfy
(18)). To apply the Holder inequality, we need our r and s to satisfy (20). Based
on the two requirements (18)) and (20)), we then divide the proof into two cases. In
the second step, we obtain the optimal integrability by applying the weighted HLS
inequality back to the original system (6]) again.

Proof. Define the operators T7 and T by
vilg ub~lf
(Tig)o) = | dy, ()= [ dy
re 2]z = yMyl? e |@lPle = yAyl
For

1 a Ata, 1 6 A+0
—e(— —e(— 18
we can apply weighted HLS inequality to get
ITagll, < C [lv"g]| . ;T fll, < Ol | (19)

n ns
nF(n—a—B—2)r nF(n—a—B—N)s
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Now for (r, s) satisfying (18) and
1 1 1 1

= - 20
s r qg+1 p+1 (20)
One can verify that

s> o (21)

n+(n—(a+A+0)r

This guarantees that there exists an [ > 1, such that

-1 nr
s = 22
l n+(n—(a+A+0)r (22)
By (20)), (22) and the condition pﬁ + ﬁ = HL;FB, we obtain that
nr

1=1 -1 23
7t n+(n—/\—o¢—6)r(q ) (23)

then with (23), we can apply Holder inequality to the right hand sides of the
inequalities in (19) to obtain:

-1 —1
1Twgll, < Cllvllgiy lglls, 121l < Cllullyyy [1F1- (24)
We divide the proof of our theorem into the following two cases. Let di =
- dy=2— Landl = -2, Iy =22 Lo thendy, d, 11,15 > 0

and dy +do =11 + 1o = %
Case 1. d1 Z 117 i. e. d2 S lg.
In this case, based on (20)) and (18), we have

1 1 a+A. 1 B 1

gy — 1, , —€(—,—— +ds). 25

Sl Py e S ), 5 €l + d2) (25)

One can verify that, for any r satisfying (25)), we can find an s such that (24)
holds. This is also true for s.

Now we define T': L"(R™) x L*(R™) — L"(R") x L*(R") by
T(f,9) = (Trg, T2 f)

with the norm [|(f, 9)llrxs = [Ifll» + llglls-
Let

(z) = v(x) ifv(x)>Aor|z|> A
Al =0 otherwise

and similarly for w4 (z).
Define

qg—1 p—1
vi 9() A uy fy)
rig— [ o dy, Tif =
' re 2]z = yMyl? ? Re |@lPle = y|Ayl

and

It follows from (24)) that

1 _
ITgllr < Clloalliillglls and T3 flls < Clluallb il £l (27)

Since u € LPT1(R™) and v € LIT}(R™), one can choose A sufficiently large such
that

1 1 1
1T 8)lxs < Slglls+ 510 = 107 Dl (28)

Therefore, T4 is a contract mapping from L"(R™) x L*(R™) to itself, where , s
are the same as in (25).
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Let (u,v) € LPT1(R™) x L9} (R™) be a pair of solutions to the integral system
(6)) , it’s easy to verify that

(
where F' = [, Wdy and G = f R» m;@%dy

Obviously, v — v4 is bounded on a bounded set in R™. By weighted Hardy-
Littlewood-Sobolev inequality, we know that (F(z),G(x)) € L"(R™) x L*(R"™) for
r,s as in (18]).

Let
we have known that (u,v) is a pair of solutions to (30) in LPT! x L%+, By Theorem
1, (u,v) is also a pair solution to (30) in (LPT1 x LITH)N(L" x L?) for r, s satisfying
(20) and (18).

For any r batibfying (25)), we can find a s such that r, s satisfy (20) and (18)). Thus,
wuel”, ¥V L e(m37—h Ata)  Similarly, we derive v € L*, V 1 € (2,218 4 g,).
{QIB+>\ n «a

erl) where it’s easy to verify that qﬂ“‘ < m Iy,

e (8 ’\+f3 + dy). So, we can apply weighted Hardy—thtlewood—

n’

1
For - € (maac

n+(n—X\)r
gqnr

we have
qu

Sobolev inequality tou = f Wdy7

1
Jully < Clloll?_gur < 0 (31)

A-n
Thus, u € L" when 1 € (max{W’Tn, o) Ata)

Similarly, we prove v € L® for 1 € (%, min{w )

As a summary of the case 1, we have obtained v € L", v Ean for any
WB+A—n a, \+a 1 8 pA+a)+A—n A+3

L€ (mag{ TEAZR 0y A1 0y L g (£ PO EATN AXEY)
(32)

Case 2. di <ly,1. e. dy > Is.
Similarly as in case 1, we can show u € L",v € L® for any

1 A A—n A 1 A — A
Lo (@ min@AX D EAZR Av @y L et ATn By AT
r n n n s n n n
(33)
By (15), we have
q6+X—n<g pA+a)+A—n _ A+3
n - n’ n n
pa+5\—n<é gA+B)+A—n _ A+«
n ~n’ n n
Thus, both case 1 and case 2 lead to
A 1 A
welr, vfe(o‘ oy e v le A0
n n s n’ n
This completes the proof. O

Now, we prove Theorem [3.
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Proof. Considering u(z) for |z| < 1, we have

1 q C C
u(x) > 7&/ Ui)\ﬁ Y2 a / vidy > Tla (34)
|z| B(0,1) |z — y[*Myl |»T| B(0,1) |z

So, [pn u(x)"dx = oo for any r > 2.
Now con81der u(x) for |z| > 2, we have

1 / v C C
u(x) > — dy > / vidy > —— 35
@2 5F Loon T PP 2 T+ Jpon w89

This implies that fR" z)"dr = oo for any r < I
Thus, we proved u & LT(R") v 1 (2 2 Similarly, v ¢ L¥(R") V 1¢

T n’ s
(2,248) Combining these with Theorem [2, we see that u € L"(R") if and only if

n’

1e (D‘ Aty Similarly, v € L¥(R"™) if and only if 1 € (g, %) O

T n’
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