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Abstract. In this paper, we consider systems of integral equations related to the
weighted Hardy-Littlewood-Sobolev inequality. We present the symmetry, mono-
tonity, and regularity of the solutions. In particular, we obtain the optimal integra-
bility of the solutions to a class of such systems. We also present a simple method
for the study of regularity, which has been extensively used in various forms. The
version we present here contains some new developments. It is much more general
and very easy to use. We believe the method will be helpful to both experts and
non-experts in the field.

1. Introduction. Let 0 < λ < n and let 1 < s, r < ∞ such that 1
r + 1

s + λ
n = 2.

Let ‖f‖p be the Lp(Rn) norm of the function f . The well-known classical Hardy-
Littlewood-Sobolev inequality (HLS) states that:

∫

Rn

∫

Rn

f(x)g(y)
|x− y|λ dxdy ≤ Cs,λ,n‖f‖r‖g‖s (1)

for any f ∈ Lr(Rn) and g ∈ Ls(Rn).
Hardy and Littlewood also introduced the double weighted inequality, which was

generalized by Stein and Weiss in [23]. This inequality is called double weighted
Hardy-Littlewood-Sobolev (WHLS) inequality:
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∫

Rn

∫

Rn

f(x)g(y)
|x|α|x− y|λ|y|β dxdy

∣∣∣∣ ≤ Cα,β,s,λ,n‖f‖r‖g‖s (2)

where 1 < r, s < ∞, 0 < λ < n, α+β ≥ 0 and the powers α, β of the weights satisfy

1− 1
r
− λ

n
<

α

n
< 1− 1

r
, and

1
r

+
1
s

+
λ + α + β

n
= 2. (3)

To obtain the best constant in the weighted inequality (2), one can maximize the
functional

J(f, g) =
∫

Rn

∫

Rn

f(x)g(y)
|x|α|x− y|λ|y|β dxdy (4)
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